A cosmological observable measured in a range of redshifts can be used as a probe of a set cosmological parameters. Given the cosmological observable and the cosmological parameter, there is an optimum range of redshifts where the observable can constrain the parameter in the most effective manner. For other redshift ranges the observable values may be degenerate with respect to the cosmological parameter values and thus inefficient in constraining the given parameter. These are blind redshift ranges. We determine the optimum and the blind redshift ranges of basic cosmological observables with respect to three cosmological parameters: the matter density parameter Ωm, the equation of state parameter w (assumed constant) and a modified gravity parameter ga which parametrizes a possible evolution of the effective Newton's constant as
A cosmological observable measured in a range of redshifts can be used as a probe of a set cosmological parameters. Given the cosmological observable and the cosmological parameter, there is an optimum range of redshifts where the observable can constrain the parameter in the most effective manner. For other redshift ranges the observable values may be degenerate with respect to the cosmological parameter values and thus inefficient in constraining the given parameter. These are blind redshift ranges. We determine the optimum and the blind redshift ranges of basic cosmological observables with respect to three cosmological parameters: the matter density parameter Ωm, the equation of state parameter w (assumed constant) and a modified gravity parameter ga which parametrizes a possible evolution of the effective Newton's constant as G ef f (z) = GN (1 + ga(1 − a) 2 − ga(1 − a) 4 ) (a =
is the scale factor and GN is Newton's constant of General Relativity (GR)). We consider the following observables: the growth rate of matter density perturbations expressed through f (z) and f σ8(z), the distance modulus µ(z), Baryon Acoustic Oscillation observables DV (z) × (z) as a measure of the constraining power of a given observable O with respect to a cosmological parameter P as a function of redshift z. We find blind redshift spots z b (S O P (z b ) 0) and optimal redshift spots zs (S O P (zs) max) for the above observables with respect to the parameters Ωm, w and ga. For example for O = f σ8 and P = (Ωm, w, ga) we find blind spots at z b
(1, 2, 2.7) respectively and optimal (sweet) spots at zs = (0, 0.5, 0.5). Thus probing higher redshifts may in some cases be less effective than probing lower redshifts with higher accuracy. These results may be helpful in the proper design of upcoming missions aimed at measuring cosmological obsrevables in specific redshift ranges.
I. INTRODUCTION
The validity of the standard cosmological model (ΛCDM [1] ) is currently under intense investigation using a wide range of cosmological observational probes including CMB experiments, galaxy photometric and spectroscopic surveys, aiming to measure Baryon Acoustic Oscillations (BAO), Weak Lensing (WL), Redshift Space Distortions (RSD), Cluster Counts (CC) as well as identify Type Ia supernovae (SnIa) as standard candles.
This investigation has revealed the presence of tensions within the ΛCDM model i.e. inconsistencies among the parameter values determined using different observational probes. The most prominent tension is the H 0 tension which indicates 3σ level inconsistencies between the value favored by the latest CMB data release (Planck [2, 3] H 0 = 67.4 ± 0.5kms −1 M pc −1 (68% confidence limit)) and the local Hubble Space Telescope (HST) measurement [4] (based on distance ladder estimates from Cepheids) H 0 = 73.24 ± 1.74kms −1 M pc −1
(68% confidence limit). Another less prominent tension (2 − 3σ is the Ω m − σ 8 tension between the CMB Planck data and the growth of density perturbations data (RSD and WL)) [5] [6] [7] [8] [9] . The CMB data favor higher values of the matter density parameter Ω m and the matter fluctuations amplitude σ 8 than the data that probe directly the gravitational interaction (RSD and WL). A key question therefore arises: Are these tensions an early hint of new physics beyond the standard model or are they a result of systematic/statistical fluctuations in the data?
Completed, ongoing and future CMB experiments and large scale structure surveys aim at testing the standard ΛCDM model and addressing the above question. These surveys are classified in four stages. Stages I and II correspond to completed surveys and CMB experiments while stages III and IV correspond to ongoing and future projects respectively. For example stage II CMB experiments include WMAP [10] , Planck [2, 3] , ACTPol [11] and SPT-Pol [12] while stage III CMB experiments include AdvACT [13] and SPT-3G [14] . Future stage IV CMB probes on the ground [15] and in space such as Lite-BIRD [16, 17] aim mainly at measuring in detail CMB lensing and the CMB-B modes.
A large amount of high quality data is expected in the coming years from large scale structure surveys (see Table I ). Stage III large scale structure surveys include the Canada-France-Hawaii Telescope Lensing Survey (CFHTLenS) [18] , the Kilo Degree Survey (KiDS) [8, 9] , the extended Baryon Oscillation Spectroscopic Survey (eBOSS) [19] , the Dark Energy Survey (DES) [20] [21] [22] and the Hobby Eberly Telescope Dark Energy Experiment (HETDEX) [23] . Finally, stage IV large scale structure surveys include ground based telescopes such as the Dark Energy Spectroscopic Instrument (DESI), the Large Synoptic Survey Telescope (LSST) [24, 25] and the Square Kilometer Array (SKA) [26] [27] [28] [29] as well as space based telescopes such as Euclid [30, 31] and the Wide Field Infrared Survey Telescope (WFIRST) [32, 33] . The redshift ranges of these and other similar surveys are shown along with their type and duration in Table I . As seen in Table I the redshift ranges of more recent surveys tend to increase in comparison with earlier surveys. This trend for higher redshifts implies an assumption of increasing constraining power of observables on cosmological parameters with redshift. As demonstrated in the present analysis however, this assumption in not always true. In this context the following questions arise:
• Does the constraining power of cosmological observables on cosmological parameters always increase with the redshift of observation?
• If not what is the optimal redshift range where the constraining power of a given observable is maximal with respect to a given cosmological parameter?
• Are there blind redshift spots where a given observable is degenerate with respect to specific cosmological parameters?
These questions are addressed in the present analysis. Previous studies [38] have indicated the presence of degeneracies for the case of growth of fluctuations observable f σ 8 (z) with respect to the equation of state parameter w in specific redshift ranges. Here, we extend these results to a wider range of observables and cosmological parameters.
In particular the goals of the present analysis are the following
• Present extensive up to date compilations of recent measurements of cosmological observables including growth of perturbations, BAO and luminisity distance observables.
• Identify the sensitivity of these observables as a function of redshift on three cosmological parameters: the present matter density parameter Ω m , the dark energy equation of state parameter w (assumed constant) and a parameter g a describing the evolution of the effective Newton's constant in the context of a well motivated parametrization [6, 7] .
• Identify possible trends for deviations of the above parameters from their standard Planck15/ΛCDM values in the context of the above data compilations
The structure of this paper is the following: In the next section we review the basic equations determining the growth of cosmological density perturbations. These equations can lead to the predicted evolution of the observable product f (a)σ 8 (a) where a is the scale factor a = 1 1+z , f (a) ≡ d ln δ(a)/d ln a is the growth rate of cosmological perturbations, δ(a) ≡ δρ/ρ is the linear matter overdensity growth factor and σ 8 is the matter power spectrum normalisation on scales of 8h −1 M pc. In this section we discuss the sensitivity of the observables f σ 8 (z) and f (z) on the cosmological parameters Ω m , w and g a as a function of redshift. The redshift range of the current available data f σ 8 (z) that is most constraining on these parameters is also identified and the existence of blind redshift spots where f σ 8 (z) is insensitive to these parameters is demonstrated. In section III we focus on cosmological observables obtained from BAO data, present an updated extensive compilation of such data and identify the sensitivity of the BAO observables on the parameters Ω m , w and g a as a function of redshift. As in the case of the growth observables, blind redshift spots and optimal redshift ranges are identified. The effects of the data redshift range on the shape and size of the uncertainty contours in the above cosmological parameter space are also identified. In section IV we focus on luminosity distance moduli as obtained from type Ia supernovae and gravitational waves and identify the sensitivity of these observables on the parameters Ω m , w and g a as a function of redshift. Binned JLA data are superposed on the plots demonstrating the sensitivity of the distance moduli on the cosmological parameters. Finally in section V we conclude, summarize and discuss future prospects of the present analysis.
II. GROWTH OF DENSITY PERTURBATIONS:
THE OBSERVABLES f σ8(z) AND f (z)
The evolution of the linear matter density growth factor δ ≡ δρ/ρ in the context of both GR and most modified gravity theories on subhorizon scales is described by the equationδ
where ρ is the background matter density and G eff is the effective Newton's constant which in general depends on redshift z and cosmological scale k and H is the Hubble parameter. In terms of the redshift z Eq.(2.1) takes the form
while in terms of the scale factor we have
where φ is the perturbed metric potential in the Newtonian gauge where the perturbed FRW metric takes the form
General Relativity (GR) predicts a constant homogeneous G eff (z, k) = G N (G N is Newton's constant as measured by local experiments) Solar system [39] and nucleosynthesis constraints [40] tests imply that G eff is close to the GR predicted form in both low and high redshifts. In particular at low z we have [39] 
while the second derivative is effectively unconstrained since
At high z [40] and at 1σ we have
A parametrization of G eff (z) respecting these constraints is of the form [7] G eff (a, g a , n)
where n, m are integer parameters with n ≥ 2 and m > 0. Here we set n = m = 2.
The observable f σ 8 (a) can be obtained from the solution δ(a) of Eq.(2.3) using the definitions
Therefore both f σ 8 (a) and the growth rate f (a) (or equivalently f σ 8 (z) and f (z)) can be obtained by solving numerically Eq.(2.2) or (2.3). The solution of these equations requires the specification of proper parametrizations for both the background expansion H(z) and the effective Newton's constant G ef f (z). In the context of the present analysis we assume a wCDM background expansion of the form
(2.12) and G ef f parametrized by Eq, (2.9) with n = m = 2. Using these parametrizations and initial conditions corresponding to GR in the matter era (δ(a) ∼ a) it is straightforward to obtain the predicted evolution of the observables f σ 8 (z) and f (z) for various parameter values around the standard Planck15/ΛCDM model parameters
Similar deviations ∆O w and ∆O ga are defined for the other two parameters in the context of a given observable O.
In Fig. 1 we show the deviation ∆f σ 8ga for g a in the range g a ∈ [−1.5, 1.5] superposed with a recent compilation of the f σ 8 (z) data [6] shown in Table II of the Appendix (early data published before 2015 left panel, recent data published after 2016 middle panel and full dataset right panel). No fiducial model correction has been implemented in the datapoints shown but such a correction would not lead to a change more than about 3% on the datapoints [5, 6] . There are three interesting points to be noted in Fig. 1. 1. Early data favor weaker gravity (g a < 0) for redshifts around z 0.5 assuming a fixed Planck15/ΛCDM background. This trend is well known [5] and has been demonstrated and discussed extensively e.g. in Refs. [7, [42] [43] [44] [45] [46] [47] [48] [49] .
2. The observable f σ 8 (z) has a blind spot with respect to the parameter g a at redshift z 2.7. Such a 1 In certain cases we consider the deviation around Ωm =0.3 instead of Ωm =Ω P m blind spot was also pointed out in Ref. [38] with respect to a similar gravitational strength parameter (called "sweet spot" in that Ref. [38] even though the term "blind spot" should have been used).
3. There is a redshift range around z 0.5 of optimal sensitivity of the observable f σ 8 (z) with respect to the parameter g a . Despite of the existence of this optimal redshift range many of the recent f σ 8 (z) data appear on larger redshifts approaching the blind spot region. These datapoints have reduced sensitivity in identifying deviations of G ef f from its GR value G N The existence of blind spots and optimal redshifts of an observable O with respect to a cosmological parameter P may also be quantified by defining the "sensitivity" measure
where ∆O is the deviation of the observable O when a given parameter varies in a fixed small range ∆P = P max − P min around a fiducial model value (e.g. Planck15/ΛCDM). In Fig. 2 we show a plot of the sensitivity measure S for the observable f σ 8 (z) and the three parameters Ω m , w, g a . The existence of blind spots is manifest as roots of the sensitivity measure while optimal redshifts appear as maxima of the magnitude of S.
Notice that the sensitivity measure indicates the presence of blind spots for all three parameters. For w the blind spot is close to z 2 while for Ω m is close to z 1. The corresponding optimal redshifts are at z 0.5 for g a and for w and at z = 0 for Ω m . As shown in Figs. 3 and 4 in both cases, recent data approach the blind spot regions in contrast to early published data that probe efficiently the optimal redshift regions for both parameters w and Ω m . Also early data seem to favor weaker growth of perturbations which occurs for lower, g a , and Ω m and higher w [5] [6] [7] If this trend is attributed partly to a lower value of G ef f in the recent past then it is difficult to reconcile with the most generic modified gravity theories like f (R) and scalar tensor theories [7, 50] A similar analysis can be performed for the growth rate observable f (z) which will be probed by the Euclid mission [31] . Mock Euclid data assuming a Planck15/ΛCDM fiducial model are shown in Fig. 5 with proper redshifts and errorbars [31] along with the deviation of the observable f (z) with respect to Ω m (left panel), w (middle panel) and g a (right panel). Clearly the predicted redshift range of the Euclid data is optimal for the identification of new gravitational physics (right panel) but it is not optimized for constraining the matter density parameter (left panel of Waves induced by radiation pressure in the prerecombination plasma inflict a characteristic BAO scale on the late-time matter clustering at the radius of the sound horizon defined as,
where c s is given by [51] c s (z) = c
and the drag redshift z d corresponds to times shortly after recombination, when photons decouple from baryons [52] . This BAO scale appears as a peak in the correlation function or equivalently as damped oscillations in the large scale structure power spectrum. In the context of standard matter and radiation epochs, the Planck 2015 measurements of the matter and baryon densities Ω m and Ω b specify the BAO scale to great accuracy (uncertainty less than 1%). An anisotropic BAO analysis measuring the sound horizon scale along the line-of-sight and along the transverse direction can measure both H(z) and the comoving angular diameter distance D M (z) related to the physical angular diameter distance in a flat universe [53] . Deviation of cosmological parameters can change r s , so BAO measurements actu- rs . Statistical isotropy can be used to constrain the observable combination H(z)D M (z) using an anisotropic BAO analysis in the context of the Alcock-Paczynski test [54] .
where
and from Eq. (3.1)
where Ω γ = 2.469 × 10 −5 h −2 for T cmb = 2.725 K, and
(3.9) with Ω r = Ω γ (1 + 0.2271N ef f ) (N ef f 3 is the number of neutrino species) and
in the context of a flat universe. It has been shown [57] that when the fitting formula is used to obtain z d close to the Planck15/ΛCDM parameter values, a correction factor of 154.66/150.82 should be used on r s obtained from Eq. Table III of the Appendix.
In Fig. 6 we show the predicted evolution of the deviation of the observable D V (z) × rs with respect to the parameter Ω m while the optimal redshift in the same plot is z 0.6. In contrast, for the same observable with respect to the parameter w there is no blind spot while the optimal redshift range is at z > 1.2.
In Fig. 7 we show the predicted evolution of the deviation of the observable H × rs r f id s for various values of Ω m (left panel) and of w (right panel). For this observable there is no blind redshift spot while the sensitivity appears to increase monotonically with redshift for both observables. Notice the asymmetry obtained for the equation for state parameter which is due to the fact that for w < −1 at early times the effects of dark energy are negligible for all values of w leading to a degeneracy for this range of parameters at high z. For comparison in Fig. 8 we show the deviation of the observable Hubble expansion rate for various values of Ω m (left panel) and of w (right panel) along with corresponding data obtained from the spectroscopic evolution of galaxies used as cosmic chronometers shown in Table V of the Appendix along with the corresponding citations (for previous compilations see also Refs. [58] [59] [60] ). Even though Figs. 7 and 8 are qualitatively similar, it is clear that the BAO data are significantly more constraining compared to the cosmic chronometer data with respect to both parameters Ω m and w especially at low redshifts.
In Fig. 9 we show the predicted evolution of the deviation of the observable D A × 
) for the Planck15/ΛCDM best fit parameter values along with the corresponding data from Table III of the Appendix is shown in Fig. 10 . This plot is in excellent agreement with the corresponding plot of [61] (Fig. 14) even though here we superpose the Planck15/ΛCDM prediction with a significantly larger compilation of datapoints. As demonstrated in the next subsection the BAO data are in good agreement with the Planck15/ΛCDM parameter values.
III.2. Contour Shapes and Redshift Ranges
The existence of optimal and blind redshift ranges for the BAO observables with respect to cosmological parameters has an effect on the form of maximum likelihood contours obtained from data at various redshift ranges. In particular the Figure of Merit (reciprocal of the area of confidence contours in parameter space) tends to decrease for datasets with redshifts close to blind redshift spots and increase for datasets with redshifts close to optimal redshift regions. In order to demonstrate this effect The BAO observable distances for the Planck15/ΛCDM best fit parameter values along with the corresponding data from Table III of the Appendix. The data appear to be in good agreement with the Planck15/ΛCDM predictions.
we construct the confidence contours for the parameters Ω m and w using the BAO observables in different redshift regions. In order to construct χ 2 we first consider the vector
where m runs from 1 to 3 indicating the different types of BAO data of Table III respectively. χ 2 is obtained as
where F ij is the Fisher matrix (inverse of the covariance matrix C ij ).
The covariance matrix for the
rs data takes the following form we have assumed a diagonal covariance matrix
where N is equal to the considered number of data. Introducing positive correlations in randomly selected data (about 10%) we have found no significant change in the confidence contours (the tension with Planck15/ΛCDM remains at the same low level). Thus possible reasonable correlations among datapoints are not expected to significantly affect our results [63] .
In the left panel of Fig. 11 we show the 1σ −3σ Ω m −w contour plots for the full D V (z)× r f id s rs data of Table III of the Appendix using Eqs. (3.11)-(3.13) and ignoring the possible correlations among the datapoints. The best fit parameter values are within 1σ from the corresponding best fit Planck15/ΛCDM values (red dot).
Furthermore we construct the same contour plots for low redshift D V (z) × r f id s rs data (middle panel of Fig. 11 ), where z < 0.55 (14 datapoints), and for high redshift
rs data (right panel of Fig. 11 ), where z > 0.55 (14 datapoints). The low redshift data correspond to optimal redshift for the parameter Ω m (see Fig. 6 ) and thus the confidence contours are thinner in the direction 
IV. DISTANCE MODULI FROM SNIA AND FROM GRAVITATIONAL WAVES
The luminosity distance
is an important cosmological observable which is measured using standard candles like SnIa or standard gravitational wave sirens like merging binary neutron star systems observed via multi-messenger observations. The distance modulus µ = m − M is the difference between the apparent magnitude m and the absolute magnitude M of standard candle. It is related to the luminosity distance D L in Mpc as
In the context of a varying effective Newton's constant G ef f (z) the absolute magnitude of SnIa is expected to vary with redshift as [64] [65] [66] 
where the subscript 0 refers to local value of M . Thus for SnIa µ also depends on the evolution of G ef f (z) (or equivalently on the parameter g a ) as
(4.4) In the case of gravitational wave luminosity distance, the corresponding gravitational wave distance modulus obtained from standard sirens is of the form [67] 
In Fig. 12 we show the deviation ∆µ as a function of redshift for Ω m (left panel), w (middle panel) and g α (right panel) superimposed with the JLA SnIa binned data. The corresponding sensitivity measure is shown in Fig. 13 . Notice that even though the deviation ∆µ gw appears to be increasing with redshift for all the parameters considered, the absolute value of the sensitivity measure with respect to the parameters w and g a has a maximum for redshifts in the range z ∈ [1, 2] indicating the presence of an optimal redshift range.
The deviations ∆µ gw (z) with respect to the parameters Ω m and w is identical with the corresponding deviations ∆µ(z) since for g a = 0 we have ∆µ(z) = ∆µ gw (z). The deviation ∆µ gw (z) with respect to the parameter g a is shown in Fig. 14 along with the single available datapoint from the standard siren GW170817 [68, 69] . Clearly even though standard siren data can in principle be used to constrain the evolution of G ef f dramatic improvement is required before such probes become competitive with growth and SnIa data.
V. DISCUSSION-OUTLOOK
We have demonstrated that the constraining power (sensitivity) of a wide range of cosmological observables on cosmological parameters is a rapidly varying function of the redshift where the observable is measured. In fact this sensitivity in many cases does not vary monotonically with redshift but has degeneracy points (redshift blind spots) and maxima (optimal redshift ranges) which are relatively close in redshift space. The identification of such regions can contribute to the optimal design and redshift range selection of cosmological probes aiming at constraining specific cosmological parameters through measurement of cosmological observables. For example, we have shown that the redshift range selected by the Euclid mission [31] to probe the growth rate f (z) of cosmological perturbations is optimally selected for constraining the possible evolution of the effective Newton's constant and the equation of state parameter (if w > −1) but it is not optimized for constraining the matter density parameter Ω m . In addition we have shown that many of the recent f σ 8 (z) RSD data which tend to be at higher redshifts (z > 0.8) are close to blind spots of the observable f σ 8 (z) with respect to all three cosmological parameters considered (Ω m , w and g a ). A similar trend for probing higher redshifts exists also for upcoming surveys as demonstrated in Table I . A more efficient strategy for this observable would be an improvement of the measurements at lower redshifts instead of focusing on higher redshifts. Such a strategy would lead to improved constraints on all three parameters considered.
An interesting extension of our analysis could involve the consideration of other observables and additional cosmological parameters (e.g. an equation of state parameter that evolves with redshift). The existence of blind spots could be avoided by considering various functions and/or combinations of cosmic observables designed in such a way as to optimize sensitivity for given cosmological parameters at a given redshift range. The investigation of the efficiency of such combinations is also an interesting extension of this project. 
